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^ ! Abstract 

X> 
D 

["t i ■ A new class of infinite dimensional simple Lie algebras over a field with char- 

acteristic are constructed. These are examples of non- graded Lie algebras. The 
£NJ | isomorphism classes of these Lie algebras are determined. The structure space of 

these algebras is given explicitly. 

< 

' 81. Introduction 

Block [1] introduced a class of infinite dimensional simple Lie algebras over a field with 

characteristic zero. Since then (and in particular recently), infinite dimensional simple 

Lie algebras with some features of Block algebras have received some authors' interests 
^ , _ 

(see for example [2-7,10-11,13-16,18-20]). This is probably partially because the Block 

CN ■ 

algebras are closely related to the (centerless) Virasoro algebra (for example, [19,20]). 

(N 

One observes that the classical Block algebras B are graded Lie algebras, i.e., B can 

O ' 



be finitely graded: B = ® a evB a , [B a ,Bp] C B a+ p for a, (3 G T, where T is some Abelian 
group T such that all homogeneous spaces B a are finite dimensional. It is pointed out in 
[17] that non-graded infinite dimensional Lie algebras appear naturally in the theory of 
Hamiltonian operators, the theory of vertex algebras and their multi-variable analogues; 
that they play important roles in mathematical physics; that the structure spaces of some 
families of non-graded simple Lie algebras can be viewed as analogues of vector bundles 
with Lie algebras as fibers and it is also believed that some of non-graded simple Lie 
algebras could be related to noncommutative geometry. 

The key constructional ingredients of the non-graded infinite dimensional simple Lie 
algebras in [17] are locally finite derivations. In this paper, based on the classification 
[9] of the pairs (A,T>), where A is a commutative associative algebra with an identity 
element and T> is a finite dimensional commutative subalgebra of locally finite derivations 
*AMS Subject Classification-Primary: 17B40, 17B65, 17B70 
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of A such that A does not have a proper P-stable ideal, we shall present another new 
class of non-graded infinite dimensional simple Lie algebras which have some features of 
Block algebras. These Lie algebras can also be viewed as further generalizations of Xu's 
algebras [15]. 

Throughout the paper, let F be a field with characteristic (in Section 3, we require 
that F is algebraically closd). Denote the ring of integers by Z and {0, 1, 2, ...} by N. Up 
to equivalence of constructions, we can construct the new Lie algebras as follows. Let T 
be an additive subgroup of F 4 . An element in T is written as a = (a±, a^, a^). Let 
Tip : T — > F be the natural projection ix v : a i— > a p for p — 1, 2, 3, 4. We shall assume that 
T satisfies the following conditions: 

a = (1,0,1,0) G T, 5 = (0,0, 5 3 ,0) G r, and ker^ker^ if tt 2 ^0, (1.1) 

where c^eF^O} is a fixed number. Pick 

J p = {0} or N for p = 1,2,3,4 such that J q ^ {0} if ix q = for q = 2, 4. (1.2) 

Set J = J\ x J 2 x J 3 x J 4 . An element in J will be written as i = 12, 13, Denote 
by A = A(T, J) the semigroup algebra of T x J with basis {x a ' 1 \ (a, 1) e Y x J} and the 
algebraic operation: 

x a,i x P,j = x a+/3,i+j for ^ ^ ^ J) g r x J ( L3 ) 

Denote the identity element re ' simply by 1. Denote 

a[i] = (a, 0, 0, 0), a [ 2 ] = (0, a, 0, 0), a [3] = (0, 0, a, 0), a [4] = (0, 0, 0, a) for a G F. (1.4) 
Define derivations d p of „4 by 

dp(x a ^) = a p x a >* + ipx^- 1 ^ for (a, 1) e T x J and p = 1, 2, 3, 4, (1.5) 
where we always treat = if i ^ J. 

We define the following algebraic operation [•, ■] on A 

[ u ^]= x ^\d 1 (u)d2(v)-d 1 (v)d 2 (u)) + (x 5 ' d 3 (u)+u)d 4 (v)-d 4 (u)(x 5 ' ^ (1.6) 

for u,v G A. It can be verified that (^4, [•, •]) forms a Lie algebra. Denote by B = 
B(T, J, 5) = [A, A] the derived subalgebras of (^4, [•, •]). 

We shall prove the simplicity of B and present some interesting examples in Section 
2, then determine the isomorphism classes and the structure space of the Lie algebras B 
in Section 3. 
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§2. Simplicity theorem and examples 

By (1.6), we have 

[x a '\ xPf] = (ai/3 2 - /3 1 a 2 )x a+/3+CT ' ?+ J + {a x j 2 - A*2)^ Q:+/3+CT ' ?+ ^ 1[21 

~ j^x^+^+^w + (t lj2 - 3ll2 ) x a +P+^-M-hA 
+ (a 3 (3 4 - (3 3 a 4 )x a+/3+5 ^ + (a 3 j 4 - (3 3 i 4 )x a+f3+5 ' U ^ (2.1) 
HhpA - ] 3 a 4 )x a+f5+&:i+ ^- l w + (i 3 j 4 - w 4 )x a+l)+s ^- l w- l w 
+ (p 4 - a 4 )x a+/3 ^ + (j 4 - i 4 )x a+ ^-^, 

for (a,i), G T x J. In particular, 

[\, X P3] = (3 4 x^ + ux^- 1 ^] for (p,j) G T x J, (2.2) 
[ x -°, x fi3] = -fox?* - ]2 x^~ l w if (3 4 = j 4 = 0, (2.3) 

where in general, we denote x a = x a '°, t l = x ' 1 , t p = t 1 ^, p = 1, 2, 3, 4 (then x a ' 1 = x a t l 
and ? = Y\ 4 p=1 t P p ). For A G 7T 4 (r), m G N, define 

B { ™ ] = {u G B | (ad x - \) m+ \u) = 0} = B f) span{:r Q ' ? | a 4 = A, i 4 < m}, 

00 _ (2 A) 

AG7r 4 (r) m=0 AG7r 4 (r) 

Theorem 2.1. T/ie Lze algebra (B, [•, •]) simple. Furthermore, B = A if J p ^ {0} 
/or some p G {1,2,4}, and i/ </i = J 2 = ^4 = {0}, £> spanned by the elements: 

{x a >\ x 13 ' 1 , l3 x^+i 3 x^ +5 ^ + 2x^ I (a 2 , a 4 ) ^ = &) = (72, 74), A ^ 1 = 7i}- (2-5) 

Proo/. If J 4 ^ {0}, (2.2) and induction on i 4 show that x^ G [.A, .A], V(/3, 1) G T x J, 
so B = A. If J 4 = {0} ^ J 2 , (2.2) shows that x^ G B if /3 4 + 0, (2.3) and induction on 
i 2 show that G B if /3 4 = 0. Assume that J 2 = J 4 = {0}. Then vr 2 ^ ^ tt 4 by (1.2), 
and (2.2), (2.3) show that x^ G B if (/3 2 ,/3 4 ) ^ 0. If (/3 2 , At) = 0, for any a G T with 
(a 2 , a 4 ) 7^ 0, we have 

[x~ a ,x a+ ^} = a 2 (p 1 x (3+ ^ + hx^- 1 ^) + a 4 (p 3 x^ + i 3 x^ 5 ^ + 2x^). (2.6) 

By the last condition of (1.1), we can choose a with a 2 7^ = a 4 , thus the first term 
of the right-hand side is in B, from this we see that x 13 ' 1 G B if J\ 7^ {0}, i.e., B = A. 
Assume that Ji = {0}. Using (1.2) and the last condition of (1.1), we see that both terms 
of the right-hand side of (2.6) are in B, from this we see that x^^ G B if A 7^ 1 and 
thus (2.5) is contained in B. Conversely, suppose J\ = J 2 = J 4 = {0}. Then the only 
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possible 4 nonzero terms in the right-hand side of (2.1) are the 1st, 5th, 7th, 9th terms. 
If (a 2 + f3 2 , «4 + At) 7^ or «i + A 7^ 0, 1, all these terms are in (2.5). Assume that 
(a 2 + /?2, «4 + At) = and cti + A = 0, 1. If «i + A = 0, then the 1st term is zero and 
the other 3 terms are in (2.5); if a± + A — 1, then the 1st term and the sum of other 3 
term are in (2.5). Thus we have (2.5). This proves the second statement of the theorem. 
In particular in any case, we have 

x ia , x jS G B for i,jeZ,i^ 1. (2.7) 

Suppose X 7^ {0} is an ideal of B. We prove X = B. First we want to prove 1 6 I. 
Since any ideal is invariant under adi, by (2.2), X = ©Ae^n^A, where X\ = Xfl B\, and 
J A ^ {0} <=> Xf ] = Ifl Bf ^ {0}. Thus Xf ] {0} for some A. Pick u G X< 0) \{0} and 
we can write 

u = c a^ a ^ where M o = {(«,i)er x J\a 4 = i 4 = 0,c a ^e¥\{0}} is finite. (2.8) 

(a,i)eM 

If A 7^ 0, by taking (f3,j) G M and replacing u by [x" 13 ^] (it is easy to see that it is 
nonzero), we can suppose A = 0. Applying ad x - CT to u (note that x~ a G B by (2.7)), using 
(2.3), we see that there exists an element, again denoted by u, such that a 2 = rj, i 2 = if 
(a,i) G M , for some 77 G 7T 2 (r). 

Case 1: ir 2 7^ 0. If necessary by replacing u by [x^,u] G X\{0} for some (3 G V with 
A 7^ = A (cf. the last condition of (1.1)), we can suppose 77 7^ 0. Denote T(u) = {aii G 
7Ti(r) I 3(a,i) G M }, and denote by |T(m)| the size of T(-u). Pick (7, k) G M . Denote 
J 7 ( u ) = e Ji I 3(7,?) G M }. Let v = [af** «]. Note that by (2.1), 

= ^(( 7l _ q^^+Wh-* + _ for ( a> 7j e Mq . (2.9) 

This shows that 

T(t;) = {ai+7i + l I aiGr(w)} if |J 7 (u)| > 1 or {c^+71 + l | 7 1 ^a 1 Gr(w)} if |J 7 (u)| = l, 
J2~?+a(v) — {i + k — l\ k ^ i E Jy(u)}, 

so |r(u)| = |r(u)| if |J 7 («)| > 1 or |r(u)| = |r(u)| - 1 if |J 7 (u)| = 1, and \J 2l+a (v)\ = 
|J 7 (w)| — 1. Thus by replacing u by v and repeating the above arguments, we can find 
an element u such that |r(u)| = 1 and |J 7 (u)| = 1 for some 7, that is, M = {(a,i) G 
Mq I a,\ = 7i,ii = j} for some j G J±. If j 7^ 0, replacing uby v — [x"',u] and repeating, 
noting that now [x 7 , i a,{ ] = — rjjx a+1+cr '' l ~ 1 ^ for (a,i) G M (cf. (2.9)), we can find an 
element u G X such that in (2.8), M = {(a, i) G M | (cti, a 2 , a*) = (71, 77, 0), (ii, i 2 , 14) = 
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0}. Now taking (/3,j) G M and replacing u by [x 13 a ,u], we see that u has the form 
(2.8) with Mq = {(a, i) G M | (aii, a 2 , cc 4 ) = (ii, z 2 , h) = 0}. 

Subcase (i): 7r 4 7^ 0. By taking (3 G T with /3 4 7^ and replacing w by [x^, u], we can 
suppose M = {(a, i) G M | (ati, a 2 , a 4 ) = (Pi,P2, At), (h,i2, h) =0}. Pick (7, fc) G M and 
we have 

[ X 7,fc ; = ^((^ _ a3 ) x 7+«+5,?+fe + _ i 3 ) x 7+«+<5,?+fe-l[3]) for ( a> •) g Mq . (2.10) 

Thus using the same arguments as in (2.9), we can find an element, again denoted by u 
such that Mq is a singleton {(a, 0)} for some a with a 4 7^ 0, i.e., u is a scalar of x a . Thus 
1 = (2a A y 1 [x- a ,x a \ Gl. 

Subcase (it): 7r 4 = 0. By replacing u by [t 2 w,-u], we can suppose M = G 
M I (cci, 0:2, ck 4 ) = 0, (ii, iii u) = (0, 0, 1)}. Note that 

[ x t.*, = ( 73 -a 3 )x 7+a+<5 ' ?+ ^ 1 w+(A;3-i3)x 7+a+<5 ' ?+ ^- 1 [ 3 ]- 1 w for (7, fc), (a, i) G M . (2.11) 

Thus again using similar arguments as above we obtain lei. 

Case 2: 7r 2 = 0. By replacing u by [t 2 [ 2 ),-u], we can suppose M = {(a,z) G M | a 4 = 
? 4 = 0,? 2 = !}• Then similar to (2.9), we have 

[ x ^\ = ( 7l _ ai ) x 7+«+^ ? +^-i[ 2 ] + (A; 1 ^ 1 )^ +Q+CT ' ?+ ^ 1 w- 1 i 2 ] for (7, k), (a, 1) G M , (2.12) 

and as above, we can deduce lei. 

Thus we have 1 G I. Then by (2.2), we have I = £> if J 4 7^ {0}. Suppose J 4 = {0}. 
(2.2) shows that x^' 1 G I if /3 4 7^ 0, and then by letting aeT with a 4 = and calculating 
the coefficient of k in [ x P-V>+i)<r t x -P+to+a,T] e j ; it g i ve s a 2 x a ' ? + i 2 x a ' ?_1 [ 2 ] G J. Thus 
x a ' ? G I if J 2 7^ {0}, i.e., X=B. Suppose J 2 = {0}. Then x a ^ G J if a 2 ^ 0. If a 2 = 0, by 
taking 7 G T with 72 7^ = 7 4 and calculating the coefficient of k in [x fc7 , x" fc7+a ~ cr,;i ] G X, 
it gives (cci - l)x a ^ + hx^" 1 ^ G J. This shows that x a ^ G J if J x ^ {0}, i.e., 1 — B, 
and that G X if cti 7^ 1 and J\ = {0}. From this and (2.6), we obtain that elements 
in (2.5) are all in X. Thus in any case X = B, i.e., B is simple. I 

Example 2.2. By Theorem 2.1, we obtain the following examples of simple Lie 
algebras B, where symbol f t denotes the partial derivative of a polynomial / with respect 
to the variable t, and where m G Z\{0} is any fixed number, a, b, c G F\Q are any fixed 
non-rational numbers in F, and f,g G B. 
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(1) Let T = {(i,0,k,0) \ i,k G Z}, J = {(0,j,0,l)\j,l G N}, 5 = (0,0, m,0). Let x x = 
^(1,0,0,0)^3 = x (o,o,i,o) ; then g = F[a;f 1 ,* 2 ,a;3 1 ,t4] and the Lie bracket is: 

[f,9] = x 2 lX3 (f Xl g t2 - f t2 g Xl ) + {x™ +1 f X3 + f)g u - f t4 (xT +1 g X3 + g). (2.13) 

(2) Let r = k, I) \ i,j,k,leZ}, J = {0},<5=(0,0,m,0). Let A = F[x± 1 | p = 1, 2, 3, 4]. 
ThenB = K 1 x^ s ^,<4%xi(gxl^+2xl)|ni,...,n 4 ,pi,P3,geZ, (n 2 ,n 4 ) ^0,pi^l} 



[/,#] = x\x 2 x 3 {f Xl g X2 - f X2 g Xl ) + x 4 ((x™ +1 f X3 + - f X4 (x™ +1 g x , + #)). (2.14) 

(3) Let T = {(i,0,i + afc, 0) \ i,k G Z}, J = {(0,j,0,/) | j, / G N}, 5 = (0,0,am,0). Let 

Xl = ^,(1,0,1,0)^3 = x (0,0,a,0)_ Then g = F ^±l ?t2)a ,±l )t4 j with the bracket 

[f,9}=xl(f Xl gt 2 -ft 2 gx 1 ) + (x3\x 1 f Xl +ax 3 f X3 )+f)g t4 -f t4 (x^\x 1 g Xl +ax 3 g X3 )+g). (2.15) 

(4) Let T = {(i+al,j,i+bj+ck,l)\i,j,k,l G Z}, J = {(0,0,0,/) 1 1 G N}, 5 — (0,0,6m,0). 
Let xi = x( 1 '°> 1 '°),x 2 = x^ b '°\x 3 = x(°'°> c '°\x 4 = x^' ' ' 1 ). Then B = W[x±\t 4 \p = 
1, 2, 3, 4] with the bracket 



In this section, we shall assume that F is an algebraically closed field with characteristic 
zero. To give the structure space, let M = {rh = (m 1? m 2 , m 3 , m 4 ) | m p = 0, 1, p = 
1,2,3,4} be a set of 16 elements corresponding to all possible choices of J. For rh G 
M, a G F\{0}, let ti>m,a be the set of subgroups T of F 4 , where T satisfies the following 
conditions: 



(1,0, 1,0), (0,0,a,0)GT; ker^ 4 <£ker n2 if tt 2 ^0; n p ^0 if m p = for p = 2, 4. (3.1) 

f 1 \ 

Let G^a be the group of invertible 4x4 matrices of the form I ai „ a2 1 1 such that 



ai = if m 1 = 7^ m 2 , and a 3 = if m 3 = ^ m 4 . Then acts on f^ ;a via 

(?(T) = 1 a G T} G ^m,a f° r 5 ^ Cm,a, r G ^m,o- We define the moduli space 

MrA,a = Qrn,a/GrA, a , the Set of G^-OrbitS in tt^a. 

Theorem 3.1. The Lie algebras B = B(T, J, 5) and B' = B(T', J', 5') are isomorphic 
(J, 5) = (J',S f ) and 3ai,a 2 ,a 3 ,a 4 G F with a 2 ,a 4 ^ 0, and a± — if J\ — {0} ^ J 2 , 



with the bracket 



[f,g] = x^ifaf^ + ax 4 f X4 )g X2 - f X2 (x 4 g Xl + ax 4 g X4 )) 
+(x 3 n (x 1 f xi + bx 2 f X2 + cx 3 f X3 ) + f)(x 4 g X4 + g t4 ) 
~(x 4 f X4 + ft^ix^ixj^ + bx 2 g X2 + cx 3 g X3 ) + g) 



(2.16) 



§3. Isomorphism classes and the structure space 
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and a 3 = if J 3 = {0} 7^ J 4; such that the map 

r : P={Pi,P 2 ,P 3 ,Pi) i-> /?' = /? ( !° J = (Pi+a 1 p 2 ,a 2 p 2 ,p 3 +a 3 p 4 ,a4P 4 ), (3.2) 

a group isomorphism T = V . Thus there is a bijection between the isomorphism classes 
of the simple Lie algebras B and the set: 

M = {(m,a,u)\meM,ae F\{0}, uj e M^ a }, (3.3) 

i.e., M. is the structure space of these simple Lie algebras. 

Proof. We shall ALWAYS use the symbol y in place of x for the algebra B' and use 
the same notation with a prime to denote any other element associated with B' . 

"-<=": We define two algebra structures (not necessarily associative) (.A, ©1) and 
(A, 2 ) by uQ 1 v = x° di(u)d 2 {v), uQ 2 v = (x 5 d 3 (u)+u)d 4 (v), then [u,v] = [u,v] 1 + [u,v} 2 , 
where [u, v] p = u Q p v — v Q p u for p — 1, 2. First define a multiplicative function 
X ■ r — > F\{0} such that x(er) = ^aj 1 , x(<5) — 1- We prove that such a function ex- 
ists: suppose A is the maximal subgroup of T containing {a, 5} such that such a function 
exists for A. If A ^ T, choose P E T\A. If 3neN such that a = n0eA, then we define 
x(P) =x( a Y^ n (since F is algebraically closed, we can take any nth root), otherwise we 
set x{P) = 1- Then x extends to a function on the group generated by A and P, which 
contradicts the maximality of A. 

Define 6 : A -> A' by 

e(x a ' I )^a^(a)y a \t[) h (a 1 t[+a 2 t' 2 ) i ^t' 3 ) i3 (a 3 ^ + a 4 Q u , (3.4) 

where a' — r(a) for aeT. Note that if Ji = {0}^ J 2 , by assumption ai — and so t[ does 
not appear in 9(x a '' t ); similarly, t' 3 does not occur if J 3 = {0}j^ J a- We want to prove 

[6{x a '*), 9(xP'% = 6{[x a '\ x p '% for p = 1, 2. (3.5) 

Say p = 2 and assume that i 3 + j 3 , ? 4 + j 4 > (otherwise, the proof is easier). We have 

x a,i 02 x (3j = x a+tf+j-l lsl -l w (^(^ + i3 ) + i3 )( / g 4f4 + j4 ). (3. 6 ) 

First we will calculate 9(x a ' % 2 x 13 ^). By (3.6) and that x($) — 1 an d r maps 5 to 5, 
9(x a ' 1 2 x^'- 7 ') can be written as the product of the term 

a? X (a + P)y a ' +(3 '(t' 1 ) i ^(a 1 t' 1 + a 2 t' 2 ) i2+j2 (Q^ 3 ' 1 (a 3 t' 3 + a,Q^~\ (3.7) 
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with the term 

(a 3 t' 3 + a 4 t' 4 )(y s (a 3 t' 3 + i 3 ) + t' 3 )((3 4 (a 3 t' 3 + a 4 t' 4 )+j 4 ), (3.8) 

(note that 9(x a+f3 '^- 1 ^- 1 ^) is (3.7) multiplied by the first factor of (3.8)). Similarly, 
9{x a ^) 02 9(x^) is (3.7) multiplied by 

a 4 1 {{y 5 {a' 3 t t 3 + i 3 ) + t' 3 )(a 3 t' 3 + a 4 Q + i 4 a 3 t' 3 y 5 ){(3' A {a 3 t' 3 + a 4 Q + a 4 j 4 ), (3.9) 

which is arisen from {y 5 & 3 + l)(y a \t 3 ) iz {a 3 t' 3 +a 4 t' 4 ) u ) and d' 4 (y l3 \a 3 t' 3 + a 4 Q j4 ) . Denote by 
D(a, ft) the difference of (3.8) from (3.9), then (3.5) is equivalent to D(a, (3)—D{f3, a) = 0, 
which can be verified directly by using 0:3 = 0:3 + 030:4, a 4 = a 4 a 4 . Thus 9 induces an 
isomorphism 9 : (B, [•, •]) = (#', [•,•]). 

'=>": Suppose 9 : B = B' is an isomorphism. For a Lie algebra C, we denote by C F 
the set of ad-locally finite elements of C The isomorphism 9 maps Bf onto £>^. First we 
determine Bf- 

Claim 1. (i) Bf = F if ir 4 7^ 0; (ii) £>,f = span{x a ' 1 1 i 2 = i 4 = 0} if 7r 2 = ir 4 = 0; (iii) 
Bf = span{x _cr , i" 1 ' | o = (a 3 )[ 3 ],i = (is)[3]} (cf. (1.4)) if 7r 2 7^ = n 4 ; (iv) adp are locally 
nilpotent <^ rr 4 = 0. 

In each case, the set involved is an abelian Lie subalgebra of B and it is easy to 
verify that each term in the set is ad-locally finite, and that adp are locally-nilpotent 

7r 4 = 0. Now suppose u G B is ad-locally finite. Write u = EfajjeMo^?"''' where 
M = {(a,l)eTxJ\ c a ^ 0}. Set T(u) = {a G T \ 3(a, 1) G M }. Choose a total order on 
T compatible with the group structure such that either 5 > a > or 5 < a < 0. This is 
possible since 5, a are F-linear independent. Let 7 be the maximal element in T(u). 

(i) Suppose 7r 4 7^ 0. If 3 a G T(-u) such that (o 3 , o 4 ) 7^ 0, by reversing the order of T 
if necessary we assume that (73,74) 7^ 0; otherwise we assume that 5 < a < 0. Define a 
total order on V x J : (a,i) < {(3, 3) a < (3 or a = (3, \i\ < \j\ or (a, = {(3, |j|) but 
Bp, ip<j p and i q =j q , q<p, where \i\ =X)p=i V- Let (7, A;) be the maximal element in M . 
We call c 7 £X 7 ' the leading term of w. We may assume c^^ = 1. Assume that (7, k) 7^ 0. 
If 5 < a < 0, we choose 77 G T such that r/ 4 +p^ 4 7^ 0, Vp > 0, then the leading term of 
ad^+'O is YTpZliv* + Pl4)x v+{q+lh ' qh , and dim(span{ad£(x ,?+7 ) | q G N}) = 00, so u is 
not ad-locally finite. If 5>a>0, then (73,74)7^0, and so we can choose rj GT such that 

bp = 73(^4 + P74) - 74(^3 + p(73 + S 3 )) = 73^4 - 74^3 - p5 3 ^ 4 7^ 0, Vp > 0, (3.10) 

then the leading term of ad^(a;' ? ) is Yll=o b p x v+q ^' +cr ^ qk , and so u is not ad-locally finite. 
Thus B F = F. 
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(ii) Suppose 7r 2 = 7r 4 = 0. First assume that 3 (a, i) £ M such that i 4 7^ 0, we define 
a total order on Y x J : (cc, ij < (/3,j) <^ (^4, ct, ii, i 2 , i 3 ) < (j 4 , /3, ji, j 2 , J3) (the later is 
the lexicographical order). Let ((3, k) be the maximal element in M . Then A; 4 > 0. If 

— * 

3 a 7^ 0, (a, /c) £ M , we choose the order of V such that (3 > 0; otherwise we choose the 
order of T such that 5 < a < 0. First suppose (/?, k — l[ 4 j) 7^ 0. If S < a < 0, the leading 
term of ad^(t( 2fc4 )w) is njlJO^ + pO^ - l))^' 2 ^*- 1 ^]) and u is not ad-locally finite. If 
5>a>0, then /5>0 and we choose n £ Z such that 

b P = (3 3 p(k A - 1) - A; 4 (n/? 3 + p(/3 3 + S 3 )) = -nk A fo - p(k 4 5 3 + (3 3 ) + 0, Vp £ N, (3.11) 

then the leading term of ad q u (x n ^) is UpZl 6 p a; ri/3+9(/3+a) '' ?( ^ 1 w ) and u is not ad-locally 
finite. If (/3, k) = (0, lui), if necessary we can reverse the order of T so that 5 > a > 0, 
and still (0, 1[4]) is the maximal element in M , then the leading term of ad^rr "' 1 ' 4 )) is 
g!5|a;(' 3+1 ) <5 ' 1 w , and u is not a<i-locally finite. Thus 24 = for all (a,i) £M . Similarly i 2 = 
for £M . 

The proof of case (iii) is similar. This proves the claim. 

By Claim 1, 7r 4 = 7r 4 = 0. We consider the following two cases. 

Case 1: tt 4 ^ 0. Claim 1 shows that 0(F) = ¥. Thus 

6(1) = a for some a £ F\{0}. (3.12) 

So, must map £>( ) = ©Aer 4 (r)#i°\ which is the span of eigenvectors of adi (cf. (2.4)), onto 
and there is a bijection r 4 : A h-> A' from 7r 4 (r) -> 7T 4 (r') such that 0(£< o) ) = B'J? 
and 0(B^) = B'^\ Since J 4 = {0} <^ adi is semi-simple, we have J 4 = J 4 . 

Denote C = B^. Using (2.3), as in (2.4), for rj £ 7T 2 (r), we define 

Cj m ) = {m £ C I (ad x - CT -??) m+1 (u) = 0} = B f] span{:r a ' ? | a 2 = V, H < m, a 4 = i 4 = 0}, 

00 (3 13) 

C (m) = C V ={JC^\ thenC= C v . 

J?evr 2 (r) m=0 r?e7r 2 (r) 

Note that for the bracket in C, the last 6 terms of the right-hand side of (2.1) vanish. 
Denote the center of C by C(C) = sp&n{x a ' 1 \ a = (a 3 )[ 3 ],i = (23) [3]} C B (cf. (2.5)). As in 
the proof of Claim 1, we have 

C F = Fx~ a + C(C) = span{a;- CT ,x a '* | a = (a 3 )[ 3 ],i = (i 3 )[ 3 ]} if n 2 ^ 0, or 

(0) ~? \ ) 

Cf — Cq — span{x a ' 1 1 (a 2 , a 4 ) = (i 2 , h) = 0} if tt 2 = 0. 
Thus 7r 2 = Cf has elements which are not ad-locally nilpotent on C 7r 2 = 0. 
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Subcase (%): n 2 7^ 0. Then (3.14) shows that tt' 2 7^ 0, and J 2 = J 2 since J 2 = {0} Cp 
has fl(i-semi-simple elements, and we can suppose 



6(x- a )=by- a +u_ a for some 6gF\{0} and u^ a eC(C), (3.15) 

and by (2.3), 9 maps = © T;e7r2 (r)C^°' ) , onto C ,( -°\ and there is a bijection r 2 : 77 1— > rj' from 
7r 2 (r) -> 7r 2 (r') such that 6(d? ] ) = C'f and 9{Cf ) ) = C'f. Furthermore, 9(C£ ] ) = Cfl 
Thus 9{t 2 ) = ct' 2 + u for some c G F\{0} and u G C'^ . Applying 9 to [t 2 ,^1 = 1, 
by (3.12), (3.15), c = afe" 1 . Note that <9 t > : j/ a '>* i-> i 22 / a '> ? - 1 P] is a derivation of £' if 
J'2 7^ {0}- ^ J'2 = {0}> we set d? 2 — 0- The isomorphism 9 induces a Lie isomorphism 
of the derivation algebra of B onto the derivation algebra of B' . If J 2 7^ {0}, we have 
(^ 1 (^))(C( )) = ^ 1 (^(^(C (0) )))=^ 1 (^(C'(°))) = (cf. (3.13)), and {9-\d t>2 )){t 2 ) = 
9- 1 (d t i 2 (9(t 2 )))=9- 1 (d t > 2 (ct 2 + u)) = 9- 1 (c)=b- 1 . Since C is generated by C (0) and t 2 , and 
a derivation is determined by its actions on generators, we obtain 9~ 1 (d t > 2 )\c = b^dp^c- 

Claim 2. 9-\d t2 )=b- 1 d t2 . 

If J 2 = {0}, the claim holds trivially. Assume that J 2 ^{0}. So B = A by Theorem 2.1. 
Set d=0- 1 (S^)-6 _1 8i 2 . Then d(C) = 0. For (/3, j) GTx J with /3 4 = A^0, j 4 = 0, suppose 

d(x^) = V" b (PJ) x *+P,i+j for some & (/3J) e Fj (3 16 ) 

(a,T)eM gJ 



where Mgj = {(a, i) G TxZ 4 | i+j G J, ^ 0} is finite. Applying d to [1, x^'] = Xx^ , 
using d(l) = 0, we obtain 



a 4 = j 4 = for (a, i) G Mgj. (3.17) 

Let m G Z and let (7, fc) G T x J be fixed with 74 = /c 4 = 0. Denote u rn = ad ( m+2 )i +7i E ad^m*. 
We have [x mS , x^} = m5 3 Xx^ m+1 ^ + Xx p+mS ^, and so 

u m (x^) =m<5 3 A((7 1 /5 2 -/5i7 2 )^ +CT -^+^+(7 1 j 2 -A; 2 /3i)^ +7+a " <5 J +£ - 1 [ 2 ] 

+ (fci^2 - 72 j 1 )a;' 3+7+CT - <5jW - 1 w + (fcij 2 A^+T+^M-iiii-ip] 
+ (-(m + 2)<5 3 +7 3 )A:r^ W +A;3A:^^ 
+A(( 7l /3 2 - / 3 i72 )^ +ct - 2<5 J +a; + ( 7lj2 - fc 2 ^i)^- py+or_:Mj+ *- 1 M 
+(M 2 -72ji)^ +7+CT ~ 25j+ *~ 1[11 + ^ 

+ ( - (m + 2) 5 3 + 73 ) Aa^"*^* + k 3 Xx^- 5 '^- 1 Pi + \ x P+i-™3+*) . 

From this, by setting v m = (25 2 X 2 )^ 1 (u rn — 2u m -i +w m _ 2 ), we obtain v^x 13 ^) = x /3+7J+fc 
for all x 13 '^ G Bf\ Applying d to it, noting that d commutes with v m since d(C) = 0, by 



(3.18) 
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(3.16), (3.17), it gives 

b^p = b^t l3+%) for all J), (7, k) G T x J with f3 4 = A, j 4 = l4 = k 4 = 0. (3.19) 

This shows that b^S^ and Mg j only depend on A for all (/3,j) with /3 4 = A, j 4 = 0. In 

particular by setting j — 0, it gives ie J if (a,i) <EM ^. Set mja = ^r a ?)gm ^^x a,% G C, 
then (3.16) gives 

d(u) =w x u for all u e Bf\ (3.20) 

(recall (1.3) for the multiplication on A). Thus d n (u) = w^u for n G N. But c? is 
locally nilpotent, we obtain w\ = 0, i.e., = 0. If J 4 7^ {0}, replacing j by j + 1[ 4 ] 
in the discussions above, noting that all equations hold under modB^ (for example, 
[ 1?x /3j+i [4] ] = /5 4 ^J+i[4] (modB^) and (3.18) holds under modB^), we conclude that 
d(x (3 ' j+1 ^) = 0. Since B is generated by B^\ we obtain d = 0. This proves Claim 2. 

Observe that d 2 : a;^'- 7 1— > /^rc' 3 '- 7 for x 13 ^ G £>, is also a derivation of £>. Similar to the 
proof of Claim 2, we obtain 

(0- 1 (d'* 2 ))(u) = b- l d* 2 (u) + C\ii for u e B x and some c A G F. (3.21) 

Denote by 7T2 4 the natural projection a 1— > (a 2 ,a: 4 ). For (??, A) G 7T2 4 (r), denote = 
£> fl spanjx"'* | vr 24 (o;) = (r], A), (12,14) = 0}. Then the nonzero vectors in U( r?i A) e7 r 24 (r)'Br ? ,A 
are the only common eigenvectors of adi, d t2 , d 2 . From (3.12), Claim 2 and (3.21), we see 
that 6 maps common eigenvectors of &di,dt 2 ,d 2 to common eigenvectors of adi, d t > 2 , d' 2 . 
Thus there is a bijection r 24 : 7r 24 (r) — > 7r 24 (r') such that 9(B Vt \) = B' T24 ^ x y 

Claim 3. If (r], A) 7^ 0, then B Vj \ is a cyclic module over £> 0j o = Cq - 1 (cf. (3.13)), the 
nonzero scalars of x a , Va G T with (a 2 , a 4 ) = (77, A) are the only generators. 

Let u = J2(a,T)eM c a ^ % e ^x, where M = {(a,i) G T x J| (a 2 ,«4) = (77, A), i 2 = 
i 4 = 0,c Q ^* 7^ 0} is finite. If |Mo| > 1 or Mq is a singleton {(a,i)} with i 7^ 0, then 
U = span^'% = E(a,i)eM c a ? x a+/3 ' i+J ' | (/3, J) G T x J, (/3 2 , (3 A ) = (j 2 , j A ) = 0} is a proper 
C^-submodule of i^A, which contains (u) (the sub module generated by u), so u is not a 
generator of B n ^\ as a C^-module. Suppose M = {(a,0)} is a singleton with (a 2 ,o; 4 ) = 
(77, A). Assume that A 7^ 0. By (2.7), x~ kS G c£ 0) for k G N, we have [x- fc<5 ,x a ] = 
A(A;5 3 a: Q!+ ( 1 - fc ^ + x Q - fc5 ) G (u), thus x a - fe<5 G (u), and 

Vk = [( 73 + M 3 )x 7+(fc+1)5 ' ? +i 3 z 7+(fe+1)5 ' ?_1[31 + 2x 7+fc<5 '\ x a " (fe+2)5 ] G (u), (3.22) 

(cf. (2.5)) for A; G N, (72,74) = («2,u) = 0. Note that is a polynomial on /c with 
coefficients in Bf\ computing the coefficient of k 2 shows that x a+1 ' 1 G (u), V(7, 1) with 
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(72, 74) = («2, h) — 0, but B V; x is spanned by such elements, thus B Vt \ — (u). If A = 7^ rj, 
we obtain the same result by replacing 5 by a in the arguments above. 

By Claim 3 and that 9(C^) = C'^ (cf. the statement after (3.15)), there is a bijection 
r : r\ker 7r24 — > r'\ker^./ such that 

0(x a ) = c a y a ' for a G r\ker^ 24 and some c a G F\{0}, (3.23) 

where when there is no confusion, we denote r(a) by a' (but we can not denote t(S) 
by 5' since 5' is the corresponding element of 5 in B'). Using this and (3.12), we have 
a 4 c a y a ' = 9([l,x a ]) = [a, c a y a '} = ac a a' 4 y a ' , i.e., 

«4 = 00:4, (3.24) 

for all a G r\ker 7r24 . For a, /3, a+/3G r\ker^. 24 , applying 9 to [i a ,a;' 3 ], by (3.24), we obtain 
(c^-/^)^^^^ 

= c a cp((a[fc-P[a' 2 )y a '+P'+°+a-\a^ ^""^ 
we obtain that y r( - a+ ^ must be one of y a '+P'+ a ^y a '+P'+ 5 ' ^y a '+P' ^ i. e ., 

r(ct + /3) = a' + + ka^cr + m a ^5', where k a ^, m a ^ G {0, 1} if (5 4 7^ a 4 . (3.26) 

Applying 9 to [x _a ,x Q ] = 2a 4 with 0:47^0, denoting f3' = t(— a), using (3.12), (3.24), we 
obtain 

C- a c a {(5[a' 2 - a' 1 (3' 2 )y (3 ' +a ' +a + {(3' 3 + a' 3 )a- 1 a 4 y (3 ' +a ' +5 ' + 2a~ x a^' +OL ' ) = 2aa 4 . (3.27) 

This shows that r(—a) = —a'. From this and (3.26), (— «')+(— /3')+A;_ Qi _ / 30"+m_ Qj „ /3 <5 / = 
r((-a) + (-/?)) = r(-(o;+/3)) = -r(a+/?) = -(Q; / +/3 / +A; Q , ij a(T+m Q , i/ 3(5 / ), i.e., fc a>/ g = m a>/ g = 0. 
Hence r(a + /3) — t(cx) +t(/3) and r can be uniquely extended to a group isomorphism 
r : r = r', so (3.24) holds for all a£T. By comparing the coefficient of y a ' + P' in (3.25), 
we obtain c a C/3 = c a+l 3a and so x '■ cci— >a _1 c a can be uniquely extended to a multiplicative 
function: r^F\{0}, and the first terms of both sides of (3.25) then show that r(cr) —a, 
similarly, r{5) = 5'. Fix 7 G ker^ 4 \ker W2 (cf. (1.1)). By (3.24) i A = 0, thus by (3.23) 
27 2 ^(x- CT )=^([^- CT ,x^- CT ])=c 7 _ CT c_ 7 _ CT [y 7 '- ,T ,i/- 7 '" ,T ] = 2c 2 (T 7^- ,T . Comparing this with 
(3.15), we obtain b = (^L^'-fli an d u_ a = in (3.15). Using this, for any a G T with 
a 2 ^0, applying to [x^, x a ] = -a 2 x a -a 4 x a - a+s + a 4 x a ~ a , by (3.23), (3.24), we have 
-a 2 c a = -bc a a' 2 , i.e., 

a 2 = ba 2 , (3.28) 
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which must hold for all a G T since r is an isomorphism. Now fix (3 G V with (3 2 7^ 7^ /?4, 
for a 6 T with a, a + /3 G ryker^, using c a+/ 3 +(J = c a cpc a a~ 2 , then (3.24), (3.28) and the 
first two terms of both sides of (3.25) show that 

a[ = c a er 2 hoi\ + (— f3\c a a~ 2 b + (3[)(3 2 l a 2 , « 3 = qoT 1 ^ + (-/3 3 Qa _1 + (3'^)(3± l a±, (3.29) 

which must also hold for all a G V since r is an isomorphism. Since r(a) = a, (3.29) shows 
that the coefficients of 0:1,0:3 must be 1, i.e., c a a~ 2 b = csa" 1 = 1. Denote by ai^a^ the 
coefficients of 02,0:4 respectively, and set a 2 = b~ x ,a± = a -1 , then (3.29), (3.24), (3.28) 
give (3.2) as required. 

We already proved (J 2 , J a) = (J 2 , Ji)- Assume that J\ 7^ {0} = J[. Then we can find 
t l = a; ' 1 ' 1 ) G Cq°^ (cf. (3.13)) with [ii,x 7 ] = 7iX 7+CT , where 7 G ker^ \ker„- 2 is as above, but 
we can not find u' G C'^ with [u',y' 1 '} = y J ' +a because for any y a '' 1 G C'^\ [y a ' ,% , y 7 '] = 
(a' l r )' 2 — a' 2 r )' l )y 1 ' +a ' +c ' can not produce a nonzero term y 7 ' +CT . This is a contradiction. Thus 
J\ = J[. Similarly J 3 = J3. This proves J = J'. Next we prove ai = if J\ — {0} 7^ J 2 
as follows. Consider 6(x 1,1 ^). As in the statement after (3.15), 0(C^) = C'ty, and 
since ^(x 7 ' 1 ' 2 )) = x 7 , using Claim 2, we can write ^(x 7 ' 1 ' 2 )) — u' + a'y 1 '' 1 ^ for some 
v! G C'J^ and a! = c^b' 1 . Then 7ic 2rf(J y 27 ' +<T = #([x 7 , x 7 ' 1 ^) = c 7 ([y 7 'X] + a' 7 ^ 27 ' +CT ), 
but there does not exists u' G C'ty such that fy 7 ', - ?/] = y 2l ' +a . Thus we must have 
7i c 2 7 +a = c 7 a'7i = c 7 6 _1 7i, i.e., 71 = 7^ Since 7i = 71 + a^ 2 , it gives a : = 0. Similarly, 
if J 3 = {0} 7^ J4, then a 3 = 0. This proves the theorem in this subcase. 

Subcase (it): n 2 = 0. First a remark: ai in (3.2) does not affect the action of r, so 
we can always take ai = 0. (3.14) shows that ir' 2 = and J 2 = J' 2 = N by (1.2). So 
£ = ^£' = ^4' by Theorem 2.1. (3.14) also shows that 6>(C^ 0) ) = C'J, 0) . Note that is the 
maximal subspace U of C such that [Cj 0) , [/] C C$ 0) (cf. (3.13)), thus we have 9(C ( iy ) =Cf\ 
Note that Cq 1 " 1 is a Lie subalgebra of C such that Cg " 1 is an abelian ideal of Take the 
quotient Lie algebra C = C^ /C^\ We use an overbar to denote elements in C, then 

^7,fc+l[2] ^ £«,?+l[2]] = ( 7l _ ai ^7+«W+«+l[2] + _ il ) S 7+aW+fc-l[l]+l[2] ^ (3.30) 

for (7, fc), (a, «) G T x J with 74 = a 4 = k 2 = k± = i 2 = = 0. As in the proof of Claim 
1, we obtain that the set of ad-locally finite elements in C is Fx -0 "' 1 ' 2 ), and that x~ u ' l w is 
ad-semi-simple J\ — {0}. Since 6(C) = C, we obtain J\ = J[ and we can write 

^(x^' 1 ! 2 ]) = a Q y- a ' l w (modC^) for some a G F\{0}. (3.31) 

For A G 7Ti(r), let Cj°] = span{x a ' ? G Cj 0) \ a l = X,h = 0}, and C x = span{x a ' ?+1 t 2 ] G 
C\ai = \,ii = 0}. Then (U Ae7ri (r)Cj°])\{0} (resp. (U Ae7ri( r)C A )\{0}) is the set of eigenvec- 
tors of x" "' 1 ' 2 ) in Cq '* (resp. C), we see that there is a bijection r p : 7Ti(r) — > 7i[(T'), p = 1, 2 
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such that 0(C$[) = C' { ^ ri(x) and 6{C X ) = C' Mxy For ^ A G n^T), as in the proof of Claim 
3, we obtain that the nonzero scalars of x a (resp. a;"' 1 ' 2 )), Va G T with cti = A,a 4 = 0, 
are the only generators of C^l (resp. C\) as a C -module. Thus, there is a bijection 
t p : ker 7r4 \ker 7ri — > ker n ' \ker n > ,p = 3,4 such that 

6(x a ) = c a y T3{a \ 9(x a > 1 w) = d a y T *( a) ' 1 w (modC'J ), (3.32) 

for a G ker^ \ker 7ri and some c a ,c' a GF\{0}. Applying 6> to «ia; Q+/3+CT = [x Q , aM 2 !], and 
to («x - /3 1 )x a+ +<T ' 1 P] = [x a ' 1 [ 2 ],x /3 ' 1 [ 2 ]], we obtain r 3 (a + /3 + a) = r 3 (a) + r 4 (/3) + (7, 
aiC a+/3+CT = (r 3 (a))iCaC^, and r 4 (a + /3 + a) = r 4 (a) + r 4 (/3) + a, (e*i - Pi)c' a+/3+(7 = 
((r 4 (a))i — (t 4 (/3))i)c^,c^. From this we obtain that r 3 = r 4 can be uniquely extended 
to an isomorphism r 3 : ker„- 4 = ker^ such that r 3 (cr) = cr and by setting a = —a, we 
obtain cp = C- a dg, and setting (3 = —a gives c'_ a = 1, i.e., ao — 1 by (3.31). Now as in the 
arguments before Claim 2, we have 9~ 1 {d t i )\ r m = b~ 1 dt 2 \ r m for some b (a remark: since 
in this subcase, C is not generated by we can only obtain Q~ l (d t ', )\ r w = b~ l d t . 2 \ r (i) ). 
Then exactly similar to the proof of Claim 2, by letting d = 9~ l (d t > 2 )—b~ l d t2 ., we obtain 
d\ B (o) = 0. Since B is generated by Cq 1 ^ and B^°\ we obtain d = 0. By considering the 
common eigenvectors of adi,9 t2 , we see that the rest of the proof in this subcase is the 
same as that of Subcase (i) 

Case 2: 7r 4 = 0. In this case a 3 in (3.2) does not affect the action of r, so we can always 
take a 3 = 0. By Claim 1, < = and so J 4 = J' 4 = N by (1.2). 

Subcase (i): tt2 = (and so we can take a\ = in (3.2)). Denote Co = Bp = 
span{x a,;i | %i = i 4 = 0},Ci = {w G B \ [u, Co] C C } = spanjx"'* | i 2 + i 4 < 1},C = Ci/C . 
Then #(C P ) — C' p ,p — 0, 1 and 0(C) = C'. Denote by x"'* the corresponding element of x a,! 
in C. Since Co is an abelian Lie ideal of Ci, we can regard Co as a C- module. 

Claim 4. The nonzero scalars of x^^ 1 ^ are the only elements in C acting locally 
finitely on C . The adjoint action of x'^w on C is a semi-simple operator Ji = {0}. 

Note that for a, (5 G T, i, j G J with i 2 = i 4 = J2 = J4 = 0, we have 

[x Q '* +1 [ 2 ], x^'i] = — /3ix a+/3+a '* + 3 — j 1 x a+ P +a '* + 3~ 1 w , 

^a,i+l[ 4 ]^ x P,3j — —j3 3X <x+P+8,i+3 — j 3X <x+P+6,i+3-l[3\ — x <*+P,i+3 _ 

From this, the proof of the claim is exactly analogous to that of Claim 1. 



(3.33) 



By Claim 4, 3a + such that 9{x~ a ^) = a y~ a ' 1 ^, and J 1 = J[. Let C , = {u G 
C | [x- ff > 1 Pi,«] = 0}, P = {mgC| [C , ,m] = 0}. Then by (3.33), C , = span{^ ? G Co I A = 
i x = i 2 = i 4 = 0} and 2? = span{x a ' ?+1 [ 2 i G C\%\ — %2 — %^ — 0}. For A G 7Ti(r), denote D A = 
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sp&n{x a ' i+1 w ef> | a 1 = X,i 1 =i 2 = i4 = 0}. For {a,T), (7, k) GTx J with (i 2 , £1) = (& 2 , ^0 = 0, 
we have formula (3.30), and we see that (UA e7ri (r)^A)\{0} is the set of eigenvectors of 
x-^w in V. Thus there is a bijection n : 7Ti(r) -> 7rJ(r') such that 0(P A ) = V' ri(x) for 
AG7ri(r) and ri(0)=0. Using (3.30), as in the proof of Claim 3, we have 

Claim 5. If A ^ 0, then V\ is a cyclic module over V , the nonzero scalars of 
x™' 1 ' 2 ', Va G T with «i = A are the only generators. 

By Claim 5, there is a bijection r : r\ker 7ri — > r'Xker^ such that 

fl^^Pl) = c a j/ r(a) ' 1[21 for a G iAker^ and some c a G F\{0}. (3.34) 

In particular, 9 maps £> (0) to V' {Q \ where P (0) = span^"' 1 ! 2 ! G 23} . Let X? (1) = {u G 
C| [it,P (0) ]cP (0) }. Then 0(PW) = P / W. By 

j-a,i+l [4]j -ftl |2 ]j = ai ^a+/3+a,?+l[4] + ^^+/3+a,?-l[i]+l[4] _ ^ 3 ^a+/3+5,i+l [2] _ - Q +/3,i+l [2] ^ (3^35) 

we obtain = span-jx"' 1 ! 2 ] , x^w | ft = 0}. Using [x a '^, x 13 ' 1 ^] = (a 3 - p 3 )x a+(3+s ' 1 ^, 
we see that there is a group isomorphism r 3 : ker 7ri = keiv such that 

g(^.i[4]) = ep y^)< l m + U/J for /3 G ker ffl and some G F\{0}, G P (0) . (3.36) 

Similarly to (3.34), set C ( Q X) = {u G C | [x -<T>1 P], u] = Am} = span{x a ' ? G C | «i = A, i x = i 2 = 
«4 = 0} for AG7Ti(r), then as above, there is a bijection r : r\ker 7ri — > r'\kev such that 

9(x a ) = d a y To{a) for a G r\ker 7ri and some d a G F\{0}. (3.37) 

Setting i—j — in (3.33), (3.30), (3.35), applying 9 to them, using (3.34), (3.36), (3.37), we 
deduce that T = r' and r = r is the identity map. To complete the proof of this subcase, 
it remains to prove J 3 = J 3 , which can be done as in the last paragraph of Case l(i). 

Subcase (it): 7r 2 ^ 0. For r\ G vr 2 (r), denote B v = span{x Q,i | a 2 = 77, i 2 = i± = 0}. 
By Claim 1, B F = span{x _CT , x a,i | a = (a 3 )[3],« = (i 3 ) [3 ]}. Thus (U^ e7r2 (r)i3 r ,)\{0} is 
the common eigenvectors of Bp. So there is a bijection t 2 : 7r 2 (r) — > n' 2 (T') such that 
9 (Br,) = B',y The rest of the proof is exactly analogous to that of Case l(i). | 

We remark that as in the proof of [18, Theorem 4.2], the Lie algebra B(T,J,S) is 
not isomorphic to: a Kac-Moody algebra, a generalized Kac-Moody algebra, a finite root 
system graded Lie algebra, a generalized Cartan type Lie algebra [8,9,12], a Lie algebra of 
type L [6], a Xu's Lie algebra [7,11,15], a Zhao's Lie algebra in [18], or a Lie algebra in [10]. 

We would like to conclude the paper with the following 
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Problem 3.2. Determine the derivation algebra Der(£>), the automorphism group 
Aut(£>), and the second cohomology group H 2 (B,¥). 
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